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Abstrat. We present the theorem whih determines, by a permutation, the ardinal ordering
of xed points for any orbit of a period doubling asade. The inverse permutation generates
the orbit and the symboli sequene of the orbit is obtained as a orollary. The problem present
in the symboli sequenes is solved. There, repeated symbols appear, for example, the R (right),
whih annot be distinguished among them as it is not known whih R is the rightmost of them
all. Therefore, there is a lak of information about the dynamial system. Interestingly enough,
it is important to point that this theorem needs no previous information about any other orbit.
1. Introdution
The period doubling asade [1, 2℄ is one of the most ommon phenomena in dynamial
systems and appears as one of the most diverse elds of investigation. As time goes on, it has
been found in physial [3℄, hemial [4℄, and biologial [5℄ models, to name but a few. Despite it
being ubiquitous and to be perhaps the most important mehanism of transition to haos, it has
not been ompletely haraterized yet. Its importane and the lak of a omplete omprehension
of this phenomenon inuenes negatively the adeuate omprehension of all of the underlying
Key words and phrases. ardinal ordering, reetion of a sequene, iterated reetion, period doubling asade,
dynamial symboli.
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phenomena, whih as has been said above, is extraordinarily widespread. A ommon way to
haraterize an orbit of a period doubling asade, generated by iteration of an unimodal map
with a ritial point in C, is giving a dynamial sequene. So, the 8-periodi orbit has the symboli
sequene orbit CRLRRRLR, where R and L indiate, respetively, right and left with respet to
the ritial point C. Immediately, a problem an be seen: some R annot be distinguished from
others, and the same happens with the L. The R situated in the fth position of the symboli
sequene, is more to the right or to the left than the R in the sixth position? The only thing that
is known is that some points are to the left side and others to the right of C, but where exatly
are those points? Obviously, this lak of information makes it diult or impossible to perform
any alulation. There is another problem, symboli sequenes are obtained reursively from
the sequene of a former orbit of the period doubling asade; therefore, the symboli sequene
of 2k-periodi orbit (k arbitrary) is not known, so it annot be used to prove new theorems in
dynamial systems. In this paper we will provide solutions to these problems.
Let us plae this problem in its historial ontext, in order to see its origin, evolution and
pending issues. The lassial work of Metropolis, Stein and Stein [6℄ set the big basement
of the study of dynamial systems, demonstrating the universal behavior that emerged from
the unimodal map. In that pioneering work, it was demonstrated that the transformations
of an interval in itself generate limit sets that have an universal struture. That is to say,
they are independent from the funtion itself and the only important thing is the funtion to be
unimodal. The limit sets are haraterized by nite sequenes of the symbols R and L, depending
on wether the suessive iterates are plotted right or left of the ritial point of the unimodal
funtion.This nite sequene of symbols, the symboli sequene, is repeated periodially and
represents a periodi orbit of the dynamial system. The underlying universal behavior fores
the ordering of the dierent orbits with respet to their parameter value and also depending of
their period. This universal ordering was alled to the attention of Feigenbaum. In his famous
works [1, 2℄ he found that the periodi orbits dupliate their period aording to a universal rate,
as a universal law, independently of the iterated funtion. This is the well known Feigenbaum
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asade or period doubling asade. What originally was a universal behavior, reeted as a
symboli sequene, was onverted into a numerial universal behavior allowing the foreast of
the suessive bifurations. The numerial and preditive harater has onverted it into a
powerful tool that has extended to ontinuous dynamial systems. To reah this point it is
neessary to build a return map. If the return map is unimodal, then the dyanamial system
will probably show the universal behavior foreasted by Feigenbaum, and it will be possible to
determine where the suessive bifurations will appear. Feigenbaum work is ondensed into the
Feigenbaum-Çvitanovi equation. He onjetured the existene of only one relevant eigenvalue
for this equation. This eigenvalue would be responsible for the universal behavior found by
Feigenbaum. Later, these hypothesis got a rigorous mathematial proof [7℄. Within this body
of knowledge, there are two relevant problems losely related that emerge from the Feigenbaum
asade:
i) Given the symboli sequene of a given periodi orbit, it is possible to get the symboli
sequene of the doubled-period orbit. This is a reursive proess that neessarily requires the
knowledge of the former element. Therefore, it is not possible to know diretly the symboli
sequene of an arbitrary orbit and it is not possible to use it in mathematial proofs. This rises
the question of how to diretly determine the symboli sequene of an arbitrary orbit without
alulating the previous sequenes.
ii) Related with the former point, another question arises. The symboli sequene indiates
that the suessive iterates are to the right (R) or to the left (L) of the ritial point of the
iterated unimodal funtion. But, how far to the right or to the left are these found in relation
to the others? Whih is their relative position? Or more rigorously stated: should iterates be
enumerated, what their ardinals would be?
First, we will obtain the solution to the seond problem, obviously muh more ompliated;
but a simple orollary, whih is easy and fast to prove, will provide the solution to the rst
problem.
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Observe that the points of the 2k-periodi orbit are xed points of f2
k
. The stability and
bifurations of the xed points and the ow in their neighborhoods play an important role in
dynamial systems theory. Positions of xed points of mappings are not only useful in nonlinear
dynamis, they are also important in quamtum mehanis [8℄ and therefore in all related subjets.
Hene, we expet the theorems we are going to prove will be of use in these subjets.
This paper is organized as follows. First, the denitions and notations neessary to prove the
theorems will be introdued. Later, a rst result will be obtained that establishes the relative
position of the points of the 2k+1-periodi orbit in funtion of the relative position of the points
of the 2k-periodi orbit. This result will be used to prove a theorem that determines the ardinal
ordering of the points in the 2k+1-periodi orbit in terms of the ardinal position of the points in
the 2k-periodi orbit. Based on these preeding results, the nal goal is obtained: the theorem
that determines the ardinal ordering of the points in the 2k-periodi orbit, for an arbitrary k,
with no previous information. Corollaries and reformulations of the theorems will be stated along
the proess. Examples will also be shown to understand the geometrial meaning of the results
and to ease the use of the theorems by sientists and engineers.
2. Definitions and notation
Let f : I ⊂ R → I be an unimodal map, where C denotes its ritial point. Let O =
{x0, x1, . . . , xq−1} be a q-periodi orbit of f , where x0 = C, then the rst and the seond iterates
of C determine the subinterval J= [f2(C), f(C)] when f has a maximum, (J= [f(C), f2(C)] if
f has a minimum) suh that O ⊂ [f2(C), f(C)] ⊂ I.
Given that the orbit O does not have the natural order within the interval J= [f2(C), f(C)]
we introdue the following denition.
Denition 1. The set {C∗(1,q), C
∗
(2,q), . . . , C
∗
(q,q)} will denote the asending (desending) ardi-
nality order of the orbit O = {C, f(C), . . . , f q−1(C)} when f has a minimum (maximum) in C.
Given that C∗(i,q) i = 1, . . . , q, is the point of the orbit O plot in the ardinal position
′i′ when
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this orbit is ardinally ordered, the point C∗(i,q) is dened as the i−th ardinal of the q−period
orbit.
Remark 1. Notie that f(C) = C∗(1,q) and f
2(C) = C∗(q,q). Therefore, if f has a maximum in C,
it results in
f2(C) = C∗(q,q) < . . . < C
∗
(2,q) < C
∗
(1,q) = f(C);
meanwhile that if f has a minimum in C , it results in
f(C) = C∗(1,q) < . . . < C
∗
(2,q) < C
∗
(q,q) = f
2(C)
Denition 2. The natural number σ(i,q), i = 1, . . . , q will denote the number of iterations of
f suh as that fσ(i,q)(C) = C∗(i,q), i = 1, . . . , q.
The goal of this paper is to determine the number of iterations, σ(i,q), of f from C, to get the
point of the q-periodi orbit (q = 2p) situated in the i−th ardinal position C∗(i,q).
Denition 3. We denote as σq the permutation σq= (σ(1,q), σ(2,q), . . . , σ(q,q)), that is the q-tuple
formed by the σ(i,q).
Denition 4. Let {a1, a2, . . . , an} be a sequene of real numbers. We dene the Reetion of
the sequene {a1, a2, . . . , an} with inrement α, denoted as R(a1, · · · , an;α), as the sequene of
real numbers given by:
R(a1, · · · , an;α) = {a1, · · · , an, an + α, an−1 + α, . . . , a1 + α}.
Denition 5. Let {a1, a2, . . . , an} be a sequene of real numbers. We dene the Iterated Ree-
tion of the sequene {a1, a2, . . . , an} with the desending inrement 2
k
, k ∈ N, and we denote it
as ∂R(a1, · · · , an; 2
k), as the sequene of real numbers given by:
∂R(a1, · · · , an; 2
k) = R(R(. . . (R(R(a1, · · · , an); 2
k); 2k−1) . . . ; 21); 20)
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Property 1. The Reetion veries that
R(a1 + b1, a2 + b2, . . . , an + bn;α+ β) = R(a1, a2, . . . , an+;α) +R(b1, b2, . . . ,+bn;β)
3. Theorems
Lema 1. Let f : I→ I be an unimodal map, depending on a parameter, that undergoes a period-
doubling asade. Let {C, f(C) = C ′} be 2−periodi superstable orbit of the asade, where C
is the ritial point of f . Let O′ ≡ {C, y1, · · · , y2p−1} and O ≡ {C, x1, · · · , x2p+1−1} be the
2p−periodi and 2p+1−periodi superstable orbits of f , respetively. Then
(i) The relative position of the points O
odd
≡ {x1, x3, x5, . . . x2p+1−3, C
′} with respet to C ′
is the same as the relative position of the points O′ ≡ {C, y1, . . . , y2p−1} with respet to
C. The points are visited in the same order in both ases.
(ii) The relative position of the points O
even
≡ {C, x2, x4, . . . , x2p+1−2} with respet to C is
the same as the relative postion of the points of the orbit O′ ≡ {C, y1, . . . , y2p−1} with
respet to C after being onjugated by homotey with respet to C.
Proof. Let us suppose, without loss of generality, that f has a maximum at the ritial point C.
Therefore, f2 will have a minimum at the ritial point C and a maximum at C ′. Consequently,
there is a neighborhood of C, IC , and a neighborhood of C
′, IC′ , suh that f
2
|IC
and f2|I
C′
are
unimodals (see g. 1a).
As O ≡ {C, x1, . . . , x2p+1−1} is the 2
p+1−periodi superstable orbit of f , it turns out that
Oeven ≡ {C, x2, x4, . . . , x2p+1−2} and Oodd ≡ {x1, x3, . . . , x2p+1−1} are the 2
p−periodi super-
stable orbits of f2|IC
and f2|I
C′
respetively.
As f undergoes a period-doubling asade so do f2|IC
and f2|I
C′
and vieversa. Therefore, when
f2|IC
goes through a bifuration and it goes from having a 2p−1−periodi superstable orbit to
having a 2p−periodi superstable orbit, then f goes from having a 2p−periodi superstable orbit
to having a 2p+1−periodi superstable orbit. Furthermore, f2|I
C′
and f2|IC
undergo bifurations
simultaneously.
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Figure 1. (a) f is an unimodal map, and f2is also unimodal in the neighbour-
hood of IC and IC′ . The graphs of f
22
are reprodued in the neighbourhood of
IC and IC′ , being onjugated of eah other. (b) Graph of f
22
.
It is well known that if two unimodal maps, with a maximum at their ritial points, undergo
a period double asade, then they will have the same symboli sequene. Meanwhile, if one of
them has a maximum and the other a minimum, those symboli sequenes will be onjugated
[9℄.
Observe that as f2|I
C′
is unimodal at IC′ , if we take x = x2p+1−1 then
(f2(x2p+1−1))
′ = (f(f(x2p+1−1)︸ ︷︷ ︸
C
))′ = f ′(C)f ′(x2p+1−1) = 0.
Therefore, x2p+1−1 is an extremum of f
2
|I
C′
and sine f2|I
C′
is unimodal, and thus it has one single
extremum at C ′, it results in C ′ = x2p+1−1.
In line with the former disussion:
(i) follows beause f and f2|I
C′
are unimodal, with maxima at C and C ′, respetively.
(ii) is also dedued sine f and f2|IC
are unimodal with a maximum and minimum at C,
respetively. The onjugation of the orbit O′ ≡ {C, y1, . . . , y2p−1} with respet to C, is
geometrially a homotey of O′ with respet to C; it is the equivalent to the homotey
of Oodd with respet to C
′
and then a translation to C.
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Figure 2. (a) Cardinals of the points of the 23-periodi superstable orbit (b)
Oeven reprodues Oodd onjugated. Oodd is the same orbit observed in g. 1b.
(See gures 1 and 2).

Lema 2. Let f : I → I be an unimodal map, depending on a parameter, that, as a funtion of
the parameter, goes through a period doubling asade. If
C I1 I2 . . . I2p−1 where Ii = R or L i = 1, . . . , 2
p − 1
is the symboli sequene of the 2p−periodi superstable orbit of the asade, then
C R I1 R I2R . . .R I2p−1R
is the symboli sequene of the 2p+1−periodi superstable orbit. Where
Ii =


R if Ii = L
L if Ii = R
i = 1, . . . , 2p − 1.
Proof. The points of the 2p+1−periodi superstable orbit O ≡ {C, x1, · · · , x2p+1−1} an be split
into the orbits O
even
≡ {C, x2, · · · , x2p+1−2} and Oodd ≡ {x1, · · · , x2p+1−1}. Where, Oeven is the
2p−periodi superstable orbit of f2|IC
and O
odd
is the 2p−periodi superstable orbit of f2|I
C′
.
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By lemma, 1 the 2p−periodi superstable orbit of f, after being onjugated by homotey
with respet to C, is transformed into O
even
. As the homotey with respet to C generates
the onjugation R ←→ L, that is to say, it transforms Ii into Ii i = 1, . . . , 2
p − 1, and as the
symboli sequene of the 2p−periodi superstable orbit is
C I1 I2 . . . I2p−1,
it results that the symboli sequene of O
even
is
C I1 I2 . . . I2p−1.
On the other hand, all of the points of O
odd
are in the neighborhood of IC′ , situated to the
right of C; therefore, eah time that a point of O
odd
is visited, it will appear as a R in the
sequene of O. Given that the orbit of O is built by alternating points of O
odd
and O
even
, if an
R is put after every symbol of the symboli sequene of O
even
, then the symboli sequene of O
will be obtained. That is to say, as the symboli sequene of O
even
is
C I1 I2 . . . I2p−1
the sought for symboli sequene results in
C R I1 R I2 R . . .R I2p−1 R

As a trivial ase, if the superstable orbit of period 1, with symboli sequene C, is taken it
results that the sequene of the 2-periodi superstable orbit is C R as it is well-known.
Example 1. While using the symboli sequene of the 23-periodi superstable orbit, whih is
C RLRRRLR, we are going to obtain the symboli sequene of the 24-periodi superstable
orbit using the tehnique of MSS [6℄ and later the lemma 2.
i) To get the symboli sequene of the 24-periodi superstable orbit aording to MSS, the
following steps must be taken:
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a) To write onseutively twie the symboli sequene:
C RLRRRLRC RLRRRLR
b) Change the seond C to a R if the R−parity of the orginal orbit is even or L
otherwise. As in this ase the R−parity is odd we have to hange the seond C for
a L , resulting in
C RLRRRLRLRLRRRLR
ii) Using the Lemma 2 to obtain the symboli sequene of the 24-periodi superstable orbit,
the following steps must be taken:
a) Conjugate the symboli sequene of the original orbit:
C RLRRRLR =⇒ C LRLLLRL
b) To add a R after every symbol of the onjugated sequene
C RLRRRLRLRLRRRLR
obtaining the same results.
In what follows, we are going to use the Lemma 1 to determine the ardinals of the points of the
2p+1−periodi superstable orbit when the ardinals of the points of the 2p−periodi superstable
orbit are known.
Theorem 1. Let f : I → I be an unimodal map, depending on a parameter, undergoing a
period doubling asade. Let {C∗(1,2p), C
∗
(2,2p), . . . , C
∗
(2p ,2p)} be the ardinals of the points of the
2p-periodi superstable orbit of the asade, given by fσ(i,2p)(C) = C∗(i,2p) , i = 1, . . . , 2
p. Then
the permutation σ2p+1, given by
σ2p+1 = (σ(1,2p+1), . . . , σ(2p+1,2p+1)) = R(2σ(i,2p) − 1, . . . , 2σ(2p ,2p) − 1; 1)
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determines the ardinals {C∗(1,2p+1), C
∗
(2,2p+1), . . . , C
∗
(2p,2p+1), . . . , C
∗
(2p+1,2p+1)} of the points of the
2p+1-periodi superstable orbit by means of f
σ
(i,2p+1)(C) = C∗(i,2p+1) i = 1, . . . , 2
p+1.
Proof. Let {C∗(1,2p+1), C
∗
(2,2p+1), . . . , C
∗
(2p ,2p+1), C
∗
(2p+1,2p+1) . . . , C
∗
(2p+1,2p+1)} be the ardinals of the
2p+1-periodi superstable orbit given by O ≡ {C, x1, x2, . . . , x2p+1−1}.
By Lemma 1, the 2p rst ardinals of O, given by {C∗(1,2p+1), . . . , C
∗
(2p,2p+1)}, are the ardinals
of the orbit O
odd
of O (See gures 2).
Furthermore, by Lemma 1, they are visited in the same order as the orbit of period 2p, with
two nuanes:
(a) the points of O
odd
are reahed by means of f2.
(b) the points of O
odd
are reahed from the ritial point C ′, and not from C.
Therefore, this results in
(f2)σ(i,2p)(C ′) = f2σ(i,2p)(C ′) = C∗(i,2p+1) i = 1, . . . , 2
p
Furthermore, as
f2
p+1−1(C) = C ′
results in
f2σ(i,2p)(C ′) = f2σ(i,2p)(f2
p+1−1(C)) = f2σ(i,2p)−1(C)
that is
f2σ(i,2p)−1(C) = C∗(i,2p+1) i = 1, . . . , 2
p
On the other hand, the ardinals {C∗(2p+1,2p+1), C
∗
(2p+2,2p+1) . . . , C
∗
(2p+1,2p+1)} are the ardinals
of O
even
(See gures 2). By the Lemma 1, as it was shown in the proof, O
even
is obtained applying
a homotey to O
odd
with respet to C ′ and then translating to C. Therefore, as
O
odd
= {f2σ(1,2p)(C ′), f2σ(2,2p)(C ′), . . . , f2σ(2p,2p)(C ′)}
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applying the homotey with respet to C ′ results in
O
even
= {f2σ(2p,2p)(C ′), f2σ(2p−1,2p)(C ′) . . . , f2σ(1,2p)(C ′)}
After translation from C ′ to C results in
O
even
= {f2σ(2p,2p)(C), f2σ(2p−1,2p)(C) . . . , f2σ(1,2p)(C)}
Joining the ardinals of O
odd
and O
even
to retrieve the 2p+1-periodi orbit nally results in
{C∗(1,2p+1), . . . , C
∗
(2p ,2p+1), C
∗
(2p+1,2p+1), . . . , C
∗
(2p+1,2p+1)} =
=
{
f2σ(1,2p)−1(C), . . . , f2σ(2p,2p)−1(C), f2σ(2p,2p)(C), . . . , f2σ(1,2p)(C)
}
that is
f
σ
(i,2p+1)(C) = C∗(i,2p+1) , i = 1, . . . , 2
p+1
with
σ2p+1 = (σ(1,2p+1), . . . , σ(2p+1,2p+1)) =
= (2σ(1,2p) − 1, 2σ(2,2p) − 1, . . . , 2σ(2p,2p) − 1, 2σ(2p ,2p), . . . , 2σ(1,2p)) =
= R(2σ(1,2p) − 1, . . . , 2σ(2p ,2p) − 1; 1)

Example 2. Observing the 22-periodi orbit in g. 1b results that
σ22 =

1 2 3 4
1 3 4 2

 ←− indiates the position 'i' of C∗(i,22)
←− number of interations, σ(i,22), to reah C
∗
(i,22)
=⇒ f
σ(i,22)(C) = C∗(i,22).
Using the theorem 1 and having in mind σ22 , it is obtained
σ23 =

1 2 3 4 5 6 7 8
1 5 7 3 4 8 6 2

 ←− position 'i' of C∗(i,23)
←− iterations, σ(i,23), to reah C
∗
(i,23)
=⇒ f
σ(i,23)(C) = C∗(i,23)
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that, it an be seen, is the permutation obtained from the 23-periodi orbit in g. 2a.
Finally, with the following theorem, we will reah our original goal of determining how many
iterations of f over C are neessary to reah the point of the 2p-periodi orbit situated at the
ardinal position
′i′, denoted by C∗(i,2p), i = 1, . . . , 2
p. The number of iterations needed to reah
these points will be determined by a permutation, whose inverse will determine the orbit and its
symboli sequene.
Notie that the orbit is arbitrary and no previous information of any other orbit is needed, in
ontrast with the previous theorem where the former orbit ardinals were needed.
Theorem 2. Let f : I → I be an unimodal funtion undergoing a period doubling asade and
the 2p-periodi orbit of the asade with ardinals {C∗(1,2p), . . . , C
∗
(2p,2p)}. Let the permutation
σ2p= (σ(1,2p), σ(2,2p), . . . , σ(2p,2p)) p ∈ N, p ≥ 2 be determined by
σ2p = ∂R(1, 2
p−1 + 1; 2p−2) p ∈ N, p ≥ 2,
then
fσ(i,2p)(C) = C∗(i,2p) i = 1, . . . , 2
p.
Proof. From remark 1 the 2−periodi orbit satises
f1(C) = C∗(1,2) and f
2(C) = C∗(2,2)
Using the denition 2 it results in
C∗(1,2) = f
σ(1,2)(C) and C∗(2,2) = f
σ(2,2)(C)
therefore, it results in
(σ(1,2), σ(2,2)) = (1, 2).
We are going to prove the formula by indution over p
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(i) Case p = 2. The orbit of period 22 is {C, f(C), f2(C), f3(C)} ≡ {C, C∗(1,22) C
∗
(22,22), f
3(C)},
where remark 1 has been used. Sine the orbit of period 2 is given by (σ(1,2), σ(2,2)) =
(1, 2), applying the Theorem 1 results in
σ22 = (σ(1,22), σ(2,22), σ(3,22), σ(22,22)) = R(2σ(1,2) − 1, 2σ(2,2) − 1; 1) = (1, 3, 4, 2) =
= ∂R(1, 3; 1) = ∂R(1, 22−1 + 1; 20).
(ii) Let us suppose that the theorem is valid for p = k and hek wether this is true for
p = k + 1, that is to say that
(σ(1,2k+1), σ(2,2k+1), . . . , σ(2k+1,2k+1)) = ∂R(1, 2
k + 1; 2k−1).
Using the theorem 1 and the property 1 we have
(σ(1,2k+1), σ(2,2k+1), . . . , σ(2k+1,2k+1)) = R(2σ(1,2k) − 1, . . . , 2σ(2k ,2k) − 1; 1) =
= 2R(σ(1,2k), σ(2,2k), . . . , σ(2k ,2k); 0) +R(−1, . . . ,−1︸ ︷︷ ︸
2k
; 1). (1)
By the indution hypothesis, and using reursively the property 1, the equality (1) is
transformed into
(σ(1,2k+1), σ(2,2k+1), . . . , σ(2k+1,2k+1)) = 2R(∂R(1, 2
k−1 + 1; 2k−2); 0) +R(−1, . . . ,−1︸ ︷︷ ︸
2k
; 1) =
= 2R (R(· · ·R(R︸ ︷︷ ︸
k−1
(1, 2k−1 + 1; 2k−2); 2k−3) · · · ; 1); 0) +R(−1, . . . ,−1︸ ︷︷ ︸
2k
; 1) =
= R (R(· · ·R(R︸ ︷︷ ︸
k−1
(2, 2(2k−1 + 1); 2k−1); 2k−2; ) · · · ; 2); 0) +R(−1, . . . ,−1︸ ︷︷ ︸
2k
; 1). (2)
Using again reursively the property 1 the equality (2) is rewritten as
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(σ(1,2k+1), σ(2,2k+1), . . . , σ(2k+1,2k+1)) =
= R(R(· · ·R(R︸ ︷︷ ︸
k−1
(2, 2(2k−1 +1); 2k−1); 2k−2; ) · · · ; 2); 0)+R(R(· · ·R(R︸ ︷︷ ︸
k−1
(−1,−1; 0); 0) · · · ; 0); 1) =
= R(R(· · ·R(R︸ ︷︷ ︸
k−1
(2− 1, 2(2k−1 + 1)− 1; 2k−1); 2k−2; ) · · · ; 2); 1) =
= ∂R(1, 2k + 1; 2k−1) (3)

Example 3. In the example 2, σ23 has been obtained from σ22, both of them orresponding
respetively to the 23-periodi orbit and to the 22-periodi orbit. With the theorem 2 it is not
neessary to know information about previous orbits to obtain the results desired, let us see it
in the following example.
Applying the theorem 2, it results in
σ23 = ∂R(1, 2
2 + 1; 21) = ∂R(1, 5; 2).
Using denition 5, it is obtained
∂R(1, 5; 2) = R(R(1, 5; 2); 20) = R(1, 5, 7, 3, ; 1) = (1 5 7 3 4 8 6 2)
that oinides with the obtained in the example 2
The theorem 2 has the following reformulation
Theorem 3. Let f : I→ I be an unimodal funtion undergoing a period doubling asade and let
O = {x1, x2, . . . , x2p} be the 2
p
-periodi orbit of the asade with ardinals {C∗(1,2p), . . . , C
∗
(2p,2p)}.
Let the permutation σ2p = (σ(1,2p), σ(2,2p), . . . , σ(2p ,2p)) p ∈ N, p ≥ 2 be determined by
σ2p = (σ(1,2p), . . . , σ(2p,2p)) = ∂R(1, 2
p−1 + 1; 2p−2) p ∈ N, p ≥ 2,
then
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C∗(i,2p) = xσ(i,2p)
Proof. By denition fσ(i,2p)(C) = xσ(i,2p) and by theorem 2 we get
fσ(i,2p)(C) = C∗(i,2p) with σ2p = ∂R(1, 2
p−1 + 1; 2p−2) p ∈ N, p ≥ 2
then
C∗(i,2p) = xσ(i,2p) with σ2p = ∂R(1, 2
p−1 + 1; 2p−2) p ∈ N, p ≥ 2.

Corollary 1. With the onditions of the theorem 3, for every p ≥ 2 with p ∈ N the following
holds
f i(C) = C∗
(σ−1
(i,2p)
,2p)
i = 1, 2, . . . , 2p
where σ
−1
2p = (σ
−1
(1,2p), σ
−1
(2,2p), . . . , σ
−1
(2p,2p)), is the inverse permutation of σ2p = (σ(1,2p), σ(2,2p), . . . , σ(2p,2p)).
Proof. By the Theorem 2 it follows fσ(j,2p)(C) = C∗(j,2p) with σ2p= ∂R(1, 2
p−1 +1; 2p−2). If it is
taken j = σ−1(i,2p) then by denition of inverse permutation it results in
σ(j,2p) = σ(σ−1
(i,2p)
,2p) = i
and therefore f i(C) = C∗
(σ−1
(i,2p)
,2p)
with σ
−1
2p the inverse of σ2p

Example 4. Taking in mind the results from example 2, the inverse permutation of σ23 is
σ
−1
23 =

 1 2 3 4 5 6 7 8
1 8 4 5 2 7 3 6


that determines in whih order are reahed the ardinals as the orbit is visited; that is to say,
those are reahed in the following order (see g. 2a)
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C∗
(σ−1
(1,23)
,23)︸ ︷︷ ︸
1
−→ C∗
(σ−1
(2,23)
,23)︸ ︷︷ ︸
8
−→ C∗
(σ−1
(3,23)
,23)︸ ︷︷ ︸
4
−→ C∗
(σ−1
(4,23)
,23)︸ ︷︷ ︸
5
−→ C∗
(σ−1
(5,23)
,23)︸ ︷︷ ︸
2
−→
−→ C∗
(σ−1
(6,23)
,23)︸ ︷︷ ︸
7
−→ C∗
(σ−1
(7,23)
,23)︸ ︷︷ ︸
3
−→ C∗
(σ−1
(23,23)
,23)︸ ︷︷ ︸
6
−→ C∗
(σ−1
(1,23),23)︸ ︷︷ ︸
1
That is to say, the orollary 1 indiates that the inverse permutation determines the order in
whih the orbit is visited.
Corollary 2. With onditions of theorem 3, the symboli sequene of the orbit is
(I(σ−1
(1,2p)
,2p), I(σ−1
(2,2p)
,2p), . . . , I(σ−1
(2p,2p)
,2p))
with 

I(σ−1
(2p,2p)
,2p) = C
I(σ−1
(i,2p)
,2p) =


R si C∗
(σ−1
(i,2p)
,2p)
is to the right of C∗
(σ−1
(2p,2p)
,2p)
L otherwise.
Proof. In the orbit with ardinals {C∗
(σ−1
(1,2p)
,2p)
, . . . , C∗
(σ−1
(2p,2p)
,2p)
}, as C = C∗
(σ−1
(2p,2p)
,2p)
, we mark
C∗
(σ−1
(2p,2p)
,2p)
as symbol
′C′. Futhermore, if C∗
(σ−1
(i,2p)
,2p)
is to the right (left) of C∗
(σ−1
(2p,2p)
,2p)
we
mark it with R (L) and the symboli sequene of the orbit is thus obtained. 
Example 5. Sine C = C∗
(σ−1
(23,23)
,23)
= C∗(6,23) then C
∗
(7,23) and C
∗
(23,23) are to the left of C
∗
(6,23)
and they are assigned symbol L aording to orollary 2. On the other hand C∗(1,23), . . . , C
∗
(5,23)
are to the right of C∗(6,23) and they are assigned R aording to orollary 2. As the inverse
permutation, aording example 4, is
C∗(1,23), C
∗
(8,23), C
∗
(4,23), C
∗
(5,23), C
∗
(2,23), C
∗
(7,23), C
∗
(3,23), C
∗
(6,23)
doing the substitution results in R L R R R L R C or, equivalently, C R L R R R L R.
The orollary 2 has the following reformulation:
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Corollary 3. With the onditions of theorem 3,
C∗
(σ−1
(i,2p)
,2p)
= xi
Proof. By theorem 3 it is known that C∗(j,2p) = xσ(j,2p) . Then, if we take j = σ
−1
(i,2p) then
C∗
(σ−1
(i,2p)
,2p)
= x(σ
(σ
−1
(i,2p)
,2p)
) = xi

4. Conlusions
Theorem 2 determines the ardinal ordering of xed points for any orbit of a period doubling
asade through its assoiated permutation σ2p. This result is reahed without using previous
information, hene the importane of this result. In the orollaries that follow from this theorem
it is shown, for instane, that the symboli sequene of any 2p-periodi orbit is obtained from
σ2p just giving the number of the bifuration p.
Let us point out that topologial analysis, in partiular, templates, is a powerful tool to study
dynamial systems [10℄. Charaterization by templates of dynamial systems is not limited to
disrete systems [11℄. Symboli dynamis plays an important role in these tehniques. With
the omplete haraterization presented in this paper, we omplete the information about the
dynamis of the system.
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